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CN . Abstract 

O : 

■ We show that the construction of super-Calogero model with OSp{2\2) supersymmetry is not 
00 ' unique. In particular, we find a new co-ordinate representation of the generators of the 05^(212) 

' superalgebra that appears as the dynamical supersymmetry of the rational super-Calogero model. 

■ 

OQ ' Both the quadratic and the cubic Casimir operators of the OSp{2\2) are necessarily zero in this new 

I ! 

g ; representation, while they are, in general, nonzero for the super-Calogero model that is currently 
' 

\ studied in the literature. The Scasimir operator that exists in the new co-ordinate representation 

\ is not present in the case of the existing super-Calogero model. We also discuss the case of free 

D , superoscillators and superconformal quantum mechanics for which the same conclusions are valid. 
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I. INTRODUCTION 

Ever since the supersymmetric extension of the rational Calogero model 
was introduced in 
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M 1201 |2ll |2^. These supermodels are exactly solvable 
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and play an important ro^ 
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e in our understanding of the integrable structure of 



3,0 



Further, they are relevant in the stud y o: 



many-particle quantum mechanics 

superstrings 15], black-holesQ, 

man y-p article superconformal quantum mechanics 

19 1, superpolvnomials {2^ . spin chains j^l], I3| etc. 
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The rational super-Calogero model has a dynamical OSp{2\2) supersymmetry 
The super-Hamiltonian and the other generators satisfying the structure equations of 



OSp{2\2) 23|,|2^ are represented in terms of a set of bosonic and fermionic variables. In all 
subsequent discussions of the super-Calogero model introduced in Q], the same co-ordinate 
representation of the OSp{2\2) generators have been used. Although the construction of ^ 
is a very standard one, it is pertinent to ask whether the OSp{2\2) superextension of the 
rational Calogero model is unique or not? In other words, is it possible to have a different 
co-ordinate representation of the generators of the OSp{2\2) than the one originally intro- 
duced in Isl? We indeed find that such a possibility exists and the OSp{2\2) superextension 
of the Calogero model is not unique. 

In particular, we show that the generators of the 0>S'j9(2|2) algebra can be represented 
in terms of the co-ordinates of the super-Calogero model in two different ways. One of 
them can be shown to be equivalent to the construction of Ref. ^ and we refer to this 
particular co-ordinate representation of the generators as 'standard superextension' in all 
subsequent references. The corresponding super-Hamiltonian will be referred as standard 
super-Calogero model. The other representation of the generators, although appeared in 
the study of the supersymmetric magnetic monopoles 2^ , has never been discussed in the 
literature in the context of general many-particle supersymmetric quantum mechanics or 
Calogero models. Both the quadratic and the cubic Casimir operators in this case are 
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necessarily zero. Thus, the representation of the group OSp{2\2) is necessarily 'atypical' 



2J], i.e., the Casimir operators do not specify the spectrum completely. We refer to this 



case as 'atypical superextension' for all future purposes. We refer the corresponding super- 
Hamiltonian as the 'chiral super-Calogero Hamiltonian', since it is known from the study of 
supersymmetric magnetic monopoles 25| that the eigenstates for such a representation have 
definite chirality. 

The differences between these two co-ordinate representations are the following. First of 
all, the Hamiltonian of the standard super-Calogero model and the chiral super-Calogero 
model are different. Further, in contrast to the 'atypical superextension', the quadratic and 
the cubic Casimir operators of the 'standard superextension' in terms of the co-ordinate 
representation are not necessarily zero. The representation of the algebra can be either 
'typical' or 'atypical' depending on the particular condition used on the wavefunction. The 
eigenvalues of the Casimir's can be zero only for the special case corresponding to the 
'atypical' representation of the group OSp{2\2). Moreover, for the 'atypical superextension', 
there exists a Scasimir operator 2. This is an even operator which commutes with all the 
bosonic generators and anti-commutes with all the fermionic generators of the OSp{2\2). 
This even operator is called Scasimir, because it squares to the Casimir of the OSp{l\l), 
a subgroup of OSp{2\2). The Scasimir does not exists for the OSp{2\2) in the case of the 
standard superextension. 

We also show that the angular part of the super-Calogero model, in the N-dimensional 
hyper-spherical coordinate, can be factorized in terms of first order differential operators that 
commute with the total Hamiltonian. Thus, eigen spectrum of these first order operators 
can be used to find the eigen spectrum of the angular part of the super-Calogero model. The 
result is valid for both the standard and the atypical superextension with the difference that 
the factorization can be done in two independent ways for the former case, while only one 
factorization is possible for the later case. To the best of our knowledge, this has never been 
realized before for the standard superextension. The reformulation of the problem in terms 
of two real supercharges made us to see this subtle connection. We also show that super- 
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Calogero model, for both the standard and the atypical superextension, can be deformed 
suitably to admit J\f = supersymmetry [27 1 . 

Our plan of presenting the results is the following. We briefly review about the OSp{2\2) 
supersymmetry, the Casimir and the Scasimir operators in the next section. In section III, we 
explicitly write down the coordinate representations of the 015^(212) generators and present 
our results. The standard and the atypical superextension are discussed in sections III. A and 
III.B, respectively. The results presented till the end of the section III.B are quite gene ral. 
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We consider the specific cases of superoscillators, superconformal quantum mechanics 
and super- Calogero models in section IV. Finally, we conclude with discussions in section 
V. 



II. SUSY ALGEBRA 



The OSp{2\2) algebra is described in terms of the set of fermionic generators / = 
{Qi, Q2, Si, S2} and the set of bosonic generators b = {H, D, K, Y}. The structure-equations 
of the OSp{2\2) arefl 3, 

{Qa, Q/3} = '^^apH, {Sa, Sf^} = 25apK, {Q^, S p} = -25o,pD + 2to,pY, 
[H, g„] = 0, [H, S^] = -zQ„, [K, = tS^, [K, S^] = 0, 

111 1 

%H] = %D] = [Y,K] = Q, «,/3 = l,2, (1) 
along with the algebra of its 0(2, 1) subgroup, 

[H, D] = iH, [H, K] = 2iD, [D, K] = iK. (2) 



The Casimir of the 0(2, 1) is C = liHK 
operators of 05'p(2|2) are given bv|23l. 



KH) — D^. The quadratic and the cubic Casimir 



C, = C+'-[QuSi]+'-[Q2,S2]-Y', 
O3 = - I + '-{[Qu Si]Y + [Q2, S2]Y + Q2]D 
-[S2,Qi]D+[Qi,Q2]K+[Si,S2]H 



(3) 



The particular form of the cubic Casimir C3 has been derived from the general expression 



given in Ref. 2J]. We will show that both C2 and C3 are zero for the 'atypical' superexten- 
sion, while non-zero for the 'standard' superextension. 

The subgroup OSp{l\l) of OSp{2\2) is described either by the set of generators Ai = 
{H, D, K,Qi, Si} or A2 = {H, D, K,Q2, S2}. Let us first consider the set Ai. The Casimir 
of the OSp{l\l) is given by, 

Ci = C + '-[Qi, Si] + ^. (4) 
One can define an even operator Cg, 

Cs = i[QuSi]-^, (5) 

which has the property that it commutes with all the bosonic generators and anticom- 
mutes with all the fermionic generators of the set Ai. Moreover, it satisfies, Ci = ^C^ 
and consequently, C = ^Cs{Cs — 1) — ^. The operator Cg is known as Scasimir and has 
important applications in the description of the nonrelativistic_ dynamics of a spin-i particle 



in the background of monopoles, Dirac-Coulomb problem etc. 
Scasimir for the set A2 are given by. 



The Casimir and the 



Ci = C+'-[Q2,S2] + j^, C, = t[Q2,S2]-l, (6) 

with the properties Ci = ^C^ and C = jCs{Cs — 1) — ^. This implies that, in general, the 
Casimir C can be factorized in two different ways, either in terms of Cg or Cg. 

We will show that the Scasimir Cg and Cg are identical for the 'atypical' superextension. 
Consequently, the Casimir C can be factorized only in one way. Moreover, the Scasimir 
commutes with all the even operators b and anticommutes with all the odd operators / of 
the OSp{2\2). Thus, the Scasimir of the OSp{l\l) can be promoted to be the Scasimir of 
OSp{2\2). On the other hand, for the standard superextension, Cg and Cg are different. 
Neither Cg nor Cg or any linear combination of them can be promoted to be the Scasimir of 
OSp{2\2). 

The generator of the compact rotation R and the creation-anhilation operator B± of the 
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0(2, 1) are given by, 

R = \{H + K), B^ = h<-^H±tD, (7) 

and satisfy the algebra, 

[R,B^] = ±B^, [B_,B+]=2R. (8) 

The structure-equations (JJ) can be written in the Cartan basis where R and Y are simulta- 
neously diagonal. In the Cartan basis, define the operators, 

n+ = R + Y, n. = R-Y. (9) 

We will show that both 7i+ and 7i_ have different co-ordinate representations corresponding 
to 'atypical' and 'standard' superextension. ?-^+ is related to the Ti- and the vice versa 
through an automorphism of the OSp{2\2) algebra. So, it is suffice to consider either of 
them as the defining super-Hamiltonian. 

III. CO-ORDINATE REPRESENTATION 

We will now show that it is possible to choose two different co-ordinate representations 
of the generators of OSp{2\2). Our choice is such that the generators of the subgroup 
OSp{l\l), namely Ai = {H, D, K,Qi, Si}, have the same co-ordinate representation for 
both the atypical and standard superextension. It is only the generators that enlarge the 
OSp{l\l) to OSp{2\2), namely {Q2, S2, Y}, that are chosen to be different for these two cases. 
We follow the convention of considering {Q2, S2, Y) as part of the generators of the 'standard' 
superextension, while {Q2, S2, Y) as that of the 'atypical' superextension. Consequently, any 
new operator/generator that is defined using any one of the operators {Q2, S2,Y) will be 
denoted by O to distinguish it from O that is constructed out of {Q2, S2,Y). 

The operator R is defined solely in terms of H, D and K in Eq. (0). So, it has the 
same co-ordinate representation for both the 'standard' and the 'atypical' superextension. 
On the other hand, Y = ^{Qi, S2} and Y = ^{Qi, S2} are chosen to be different for these 
two cases. It is now obvious from Eq. (jH)) that both the Hamiltonian 7i± = R ±Y and 
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T-L± = ± y have different co-ordinate representations, corresponding to 'atypical' and 
'standard' superextension. 

We introduce 2N entities satisfying the following real Clifford algebra, 

fe,0} = 2<?.„ gi,= || °j , (10) 

where / is an x identity matrix. The signature of the metric gij is such that the square 
of the ^j's is equal to 1 or —1 depending on whether i > N or i < N, respectively. In 
particular, 

e^+, = -e-=i, ^ = 1,2,... AT. (11) 

It is known that one can introduce a new operator jsi]. 

75 = 66 • • • C2N-1^2N, (12) 

which anticommutes with all the ^j's. Further, we can introduce two idempotent operators 
7^ = |(1 ± 75) with {'jfy = 7g^ and 75^ 75" = 75^75^ = 0, since 75 = 1. The operators 75 and 
'jf play an important role in constructing independent real supercharges. 

Most of our discussion will be based on the above real Clifford algebra. However, we also 
need the complexified version of the above algebra in order to make connection with the 
known results in the literature. We define a set of fermionic variables ipi and their conjugates 



as. 



V-. = ^ (6 - , i^^ = ■^iC^ + CN+^). (13) 



These fermionic variables satisfy the Clifford algebra, 

{^„^,} = {4,^]} = 0, {^„^]}=5,,. (14) 

The fermionic vacuum |0) and its conjugate |0) in the 2^ dimensional fermionic Fock space 
are defined as, ■0j|O) = 0,ipl\0) = 0. The fermion number corresponding to each particle is 
defined as, Ui = '(pl'tpi and the total fermion number n = The total fermion number 

n = for the fermionic vacuum and n = N for the conjugate vacuum. An equivalent 
expression for 75 in terms of Ui can be written as, 

N 

75=(-l)^n(2ri^-l)- (15) 



The action of 75 on a state \n) with fermion number n is, 75|n) = (— where < n < A^. 
Note that 75 leaves the fermionic vacuum invariant, i.e., 75IO) = |0). On the other hand, 
75 10) = (— 1)^|0), implying that the conjugate vacuum is invariant for even N and changes 
sign for odd A^. 

Consider the following Hamiltonian, 

The superpotential W = In G with G being a homogeneous function of degree d. This 
ensures that the bosonic potential in H scales inverse- squarely. Subsequently, we define the 
Dilatation operator D and the conformal operator K as, 

1 ^ 1 
D = --Y,{xip^+piXi) , K = -Y,xl (17) 

i=l i 

The operators H, D and K together satisfy an 0(2, 1) algebra 0. We now introduce the 
supercharges Qi and Si, 

1 ^ -TV 

= ^ E H P^ + ^N+^ W,], 5i = --= ^ 6 a:.. (18) 

The supercharges Qi and iSi squares to the Hamiltonian H and the conformal generator K, 
respectively. 

The Casimir G of the 0(2, 1) algebra can be shown to be equivalent to the angular part 
of the H in the A^-dimensional hyper-spherical co-ordinates, up to an additional constant 
shift. In particular. 



N N 



Y: 4 + I E - E ^'^^N+jW.j I + \NiN - 4) 



i<j \ 4=1 *ii=l 

.2 — ^2 TI/2 



(19) 



where = XiPj — XjPi and r = Note that both VF- and Wij scale inverse-squarely. 

So, in the dimensional hyperspherical co-ordinates r'^iJZiWf — ^i^N+jWij) contains 
only angular variables. In Ref. such a relation between the Casimir operator and the 
angular part of a Hamiltonian with dynamical 0(2, 1) symmetry and involving only bosonic 
co-ordinates was derived. Eq. (|T9|l generalizes the work of [32] by including both bosonic and 
fermionic degrees of freedom. Note that the relation between the Casimir and the angular 
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part of the Hamiltonian is valid as long as there is an underlying 0(2, 1) symmetry and does 
not depend on whether the Hamiltonian is supersymmetric or not. 



A. Standard superextension 

We consider the case of 'standard' superextension in this subsection. We first present our 
results in terms of real supercharges and at the end of this subsection, we use complex super- 
charges to make correspondence with the current literature. To the best of our knowledge, 
the many-particle supersymmetric quantum mechanics with dynamical OSp{2\2) supersym- 
metry has never been discussed in terms of real supercharges. Although both the formulation 
give the same result, the formulation in terms of real supercharges brings out certain subtle 
features in connection with the Casimir's of the model. We believe such features have never 
been discussed previously. 

The generators Q2, S2 and Y are given by, 

Q2 = -^Yl l^N+i Pi + i^iWi] , 

^2 = —-^^CN+iXi, 



(20) 



The structure-equations (HJ of OSp{2\2) are satisfied with the above co-ordinate represen- 
tation of the generators. In order to see that the Casimir operators C2 and C3 are non-zero, 
we first find, 

N i N N 
i[Qi, Si] = — + - Lij + ^ ^N+i 

N i ^ ^ 

i[Q2,S2] = — 9 X! ^N+i ^N+j Lij — ^ ^7v+i Xi Wj, 

= ^ Ud' + N + AdY.CN+S-lT.[^N+^,M^iU ■ (21) 

Note that C in Eq. (fT^ contains a term proportional to Lf^. On the other hand, i[Qi^ Si\ + 
i[Q2, S2\ does not contain any term proportional to Lfy It only contains a term proportion 
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to Lij and Y"^ is independent of bosonic coordinates. This implies that C2 in Q can not be 
zero. Similarly, the first term of C3 in (jS)) contains a term of the form LfjY. However, such 
a term can not be generated from rest of the terms in the definition of C3. So, the cubic 
Casimir C3 is also non-zero. It should be noted here that although the Casimir's C2 and C3 
are nonzero in terms of the coordinate representation, their eigenvalues can be zero for the 
special case corresponding to the atypical representation of the OSp(2\2) algebra. 

The coordinate representation of the operators Cg = i[Qi, Si] — | and Cg = i[Q2, S2] — \ 
can be simply found from the first two equations of (j^lj) . Recall that Cs is the Scasimir 
of the 0>S'j9(l|l) corresponding to the set of generators Ai. Similarly, Cs is the Scasimir of 
the OSp{l\l) corresponding to the set of generators A2. We find that Cs neither commutes 
with Y nor anticommutes with Q2 and iS'2. So, Cs can not be considered as the Scasimir of 
the full OSp{2\2). Similarly, [Cs,Y] ^ and {Qi,Cs} 7^ ^ {^i,^^}. The operator Cs 
either can not be considered as the Scasimir of the OSp{2\2). An explicit calculation shows 
that [Cs + Cs,Y] = 0. However, the anticommutators between Cs + Cs and the supercharges 
Qi, Q2, Si, S2 are nonzero. Thus, we conclude that the Scasimir's of the subgroup OSp{l\l) 
or any linear combination of them can not be promoted to be the Scasimir of the full 
OSp{2\2). 

A few comments are in order at this point. The Casimir C of the 0(2, 1) is equivalent to 
the angular part of the Hamiltonian H in N dimensional hyper-spherical coordinates. We 
have seen that C can be factorized either in terms of Cs or Cs- Both Cs and Cs commute 
with H and between themselves. So, Cs, Cs and C can be diagonalized simultaneously. 
Both Cs and Cs being first order differential operator, it may be much easier to solve them 
compared to C. Once the eigenvalues of Cs,Cs are known, the eigenvalues of C can be 
computed easily. Secondly, the same method can also be used for a Hamiltonian, 

H' = H + V{r), (22) 

for which the supersymmetry is explicitly broken by the introduction of an arbitrary potential 
V{r). Note that the angular part of H' and H are still the same. Further, both Cs and Cs 
commutes with H'. So, Cs and Cs can be used to solve the non-supersymmetric Hamiltonian 
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H'\ This is the first example of AT = supersymmetry 271] in the context of many-particle 
quantum mechanics. 

In order to see that the co-ordinate representation given by eqs. (I16ll7ll8ll9l2(jj) indeed 
corresponds to the standard superextension, we write the super-Hamiltonian T-C± in terms 

of tfji and t/jj as, 

This form matches with the super-Hamiltonian with dynamical OSp{2\2) supersymmetry 
that was constructed in Ref. 10|. The supercharges are, 

with Ti.± = {F-^, F^}- The total fermion number n commutes with T-C±. Projecting 7^+ in the 
zero fermion sector and in the N-fermion sector, we get the purely bosonic Hamiltonian 
Ti.^. In particular. 

The bosouic Ham,lto,ua„ Hi belongs to the general elass of Hamilton.an producing Calogero 
models|lO|. The ground state wavefunction of H^_^_ is, 0+ = 2Y.i^^ ^ while that of is, 
(p^ = e~^~2 Z^i^?. The ground-state energy is zero for both the cases. The parameters of Ti^. 
are contained in the superpotential W. Note that (^']_ and (f}^_ can not be square integrable for 
the same range of parameters, since W = In G with G a homogeneous function. Thus, the 
admissible range of parameters due to the square integrability of wave-functions, is different 
for n\. and 

B. Atypical Superextension 

We introduce the supercharges Q2, §2 and the bosonic generator Y = ^{Qi, S2} for the 
'atypical' superextension as (2 51]. 

Q2 = -ilbQi, S2 = -Z75 5*1, 
11 



i N 



(26) 

The above co-ordinate representation of the generators is not identical to the one given in Eq. 
((201), only if the total number of particles is greater than or at least equal to two, i.e. > 
2. So, our results emerge as the many-particle or higher dimensional features of the usual one 
dimensional supersymmetric quantum mechanics. The structure-equations (0) are satisfied 
by the bosonic generators {H, D, K, Y} and the fermionic generators {Qi, Q2, Si, S2}. The 
cubic Casimir now takes a simple form 2^, C3 = {Y — ^)C2- Using the defining relation 
for Y, we find Y = '^{Cg + \) and consequently, = \{Cl + Cs + \). Expressing all other 
terms in C2 in terms of C^, it is now easy to show that, 

C2 = 0, C3 = (y-^)C2 = 0. (27) 

The spectrum is not completely specified by the eigenvalues of the Casimir's and the rep- 
resentation is necessarily 'atypical'. Further, note that the operators Cs = Cg. Using the 
structure-equations of OSp{2\2), we find that Cs{Cs) commutes with H, D, K, Y and anti- 
commutes with Qi,Q2, Si, S2. So, the operator Cs is also the Scasimir of the OSp{2\2) 
supergroup and can be used to determine the eigenspectrum. 

As in the case of standard superextension. A/" = supersymmetry is also present for the 
'atypical' superextension. The only difference being that we now have only one independent 
operator Cs that factorized the Casimir C. The co-ordinate representation of Cs can still 
be determined from the first equation of Eq. (PT|) and it can be used to find the spectrum 
of non-supersymmetric Hamiltonian H'. 

The super-Hamiltonian Ti.± can be written in terms of i/^i and ipj as, 

n± = \Y{p' + w^ + ^d + \j:[i^^^i^]]w^,±^[N + 2d 

i id 

id id 
- E {4^A + i^h) {x,W, + X.Wi) ] . (28) 

id 

The supercharges are, 

Ft = %{Fi + Ft), Fi = ^t{Fi + Ft), (f|)' = F«, (29) 
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with 'H± = {Fj^,F^}. Comparing and (PH|1 . it is obvious that TC± is different from 
However, the total fermion number n is not a conserved quantity for 'Hj-. Thus, the 
states can not be labeled in terms of n. Note that the fermion-number violating terms 
appear only in the expression for Y. The operator Y is simultaneously diagonalized with 



24| . If we choose the 



R and, in general, eigenvalue of Y can be any complex number 
eigenvalue of Y to be 3^"^ = + 2d) and project R to the fermionic vacuum |0), we see 
that 7i_ contains the purely bosonic Hamiltonian Ti^j^. Similarly, if we choose the eigenvalue 
of Y to be = —\{N — 2d) and project R to the conjugate fermionic vacuum |0), the 
purely bosonic Hamiltonian appears from ?^+. The eigenstates of Y corresponding 
to the eigenvalues are 0^|O) and 0~|O), respectively. Note that <p~^\0) and (f)~\0) are 
simultaneous eigenstates of R. We conclude that the purely bosonic Hamiltonian H^. can 
be obtained from both T-l± and7i± through appropriate projections. 

Finally, a few comments are in order. We have followed the convention of having the 
same coordinate representation for the generators H, D, K. Qi, Si for both standard and the 
atypical superextension. The co-ordinate representation of Q2, S2 and Y are different for 
these two cases. We mention here about two other possibilities. Let us define, 

Qi = -«75<52, 'S'l = -2755'2, Y = ^{Qi,S2}. (30) 

The operators {Qi,Q2, Si, S2, H, D, K,Y} constitute a second 'atypical' superextension of 
the bosonic Hamiltonian T-Cj_. Note that Y = —^[Q2,S2] and Y = ^[Qi,Si], where 
the commutators [Qi,!?!] and [Q2,S2] are determined from Eq. (PT|) . So, the first chiral 
super-model 'H± and the second chiral super-model Ti. = R ±Y have different co-ordinate 
representations. Similarly, {Qi,Q2, Si, S2, H, D, K, —Y} constitute another 'standard' su- 
perextension of the bosonic Hamiltonian Hj.. However, in this case, 7i± of Eq. simply 
changes to H^. 

One may ask at this point whether the supercharges {Qi, Q2, Qi, Q2} can be used to con- 
struct an extended supersymmetry involving the Hamiltonian H. Although each of these 
supercharges squares to H, some of the anti-commutators involving two different super- 
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charges are non-zero. In particular, we find the following relations, 

H = = Q2 = Qi = 

{Qi, Q2} = {Qi, Q2} = {Qi, Q2} = {Q2, Qi} = 0, 

{gi,gi} = ^75[gi,Q2], {Q2,Q2} = -tidQi,Q2l (31) 

where the last two anti-commutators are nonzero. So, an extended supersymmetry for H 
with the supercharges {Qi, Q2,Qi, Q2} can not be constructed. 



IV. EXAMPLES 

Our discussions so far have been confined to the general superpotential W. Specific 
choices of W lead to different interesting physical models. We consider here three examples, 
(i) free superoscillators, (ii) superconformal quantum mechanics and (iii) super-Calogero 
models. The 'standard' super-models for these three cases are exactly solvable. Although the 
representation of the OSp{2\2) is necessarily 'atypical' for chiral super- models, the spectrum 
can be obtained exactly following [25]. However, the spectrum generating algebra may be 
bigger than OSp{2\2) for some cases. This is definitely the case for chiral super-Calogero 
model. The study of the complete spectrum of the chiral super-models thus needs a detail 
investigation, which is beyond the scope of this paper. We write down below only the 
standard and the chiral super-Hamiltonian and their ground states for the three examples 
considered in this paper. The excited states belonging to the OSp{2\2) multiplet may be 



obtained[25| by acting the strings of creation operators S+, F^, on the groundstate. Note 
that p^'^ is linear in both ■0j and i/jj, which is consistent with the fact that fermion number 
n is not a conserved quantity for the chiral super-models. 



A. Superoscillators 

Consider the superpotential W = 0. Consequently, we have to take d = 0, which is the 
degree of homogeneity of G. The Hamiltonian H is that of free superparticles. Both 
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T-L± and Tij- describe the Hamiltonian of free superoscillators in different co-ordinate 
representation. In particular, 



(32) 



Note that for = 1, and 7i:p are identical. The differences show up only for N > 2. The 

12 1 2 — 

groundstates of 7i± are e~2^ |0) and e~2'' |0), respectively. The ground-state energy is zero 
for both the cases. On the other hand, the zero-energy groundstates of 7i± are e~^^^\odd) 

1 2 _ 

and e~2''' \even), respectively. The symbol \odd){\even)) denotes a fermionic state with 
odd(even) fermion number n. It is a very special feature of the chiral superoscillators that 
the groundstate can be constructed using any odd (even) fermion number n. For W ^ 0, it 
turns out that the even state is necessarily the fermionic vacuum |0) and the odd state is 
the conjugate vacuum |0) for odd A^. The total fermion number is not a conserved quantity 
for 7i-|-. So, linear combinations of states with odd(even) fermion numbers are also exact 
eigen states of superoscillators. However, linear combination of states with with odd and 
even fermion numbers are not valid eigenstates, since mixing of different chiralities are not 
allowed. 



B. Super-conformal quantum mechanics 

We choose W = rj Inr and consequently, d = rj. The Hamiltonian H for this case is an 
example of superconformal quantum mechanics. The Hamiltonian H has no normalizable 
ground-states and the prescription {2^ is to study the evolution of the operator 7i±. The 
new representation suggests that an alternative prescription may be to study the evolution 
of the chiral Hamiltonian instead of In particular, these Hamiltonians are given by, 

4 . ^^^^ . - ^ 5 (^. -^) 4 (" - f - ■') . 
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Note that for = 1, 7i± and Tllzp are identical. The differences show up only for N > 2. 
For r] = 0, the Hamiltonian of superoscillators is reproduced. The zero-energy groundstate 
of 7^+ and 7i_ is, r^e~2'" |0), 7/ > 0. The restriction on rj comes from the self-adjointness of 

^ 12 _ 

the super-Hamiltonian.The zero-energy groundstate of 7i_ is x = r'^e'^"^ |0),?7 < 0. The 
same wave-function x is the zero-energy ground-state of 7i+ for odd only. For even N, x 
is an exact eigenstate of 7i+ with non-zero energy. 

C. Calogero Models 

The superpotential for the Ajy+i-type super symmetric rational Calogero model is given 



by, 



GAr,+, = l[i^^-x,y, d=^N{N-l). (34) 



The Hamiltonian Ti-t and 'H± are, 

- 5' E (v^l^i + ^l^i) E - Xky^ + - ^kr^ ] ■ (35) 

After separating out the centre of mass, the standard super-Calogero model for A^ = 2 is 
shown to be identical to the Hamiltonian of A^ = 1 superconformal quantum mechanics of 



Ref. [29|. For the chiral super-Calogero model with N = 2, the centre of mass can not be 
separated out from the residual degree of freedom. In the limit of vanishing g and arbitrary 
A^, we recover the case of free superoscillators. The zero-energy groundstate of 7^+ and ?i_ is 
G e^^^'^ |0), (? > 0. Similarly, the zero-energy groundstate of H- is Xi = G^^ e"^''^ |0), <? < 0. 
As in the case of superconformal quantum mechanics, Xi is the zero energy eigenstate of 7i+ 
for odd A^ only. For even A^, xi is an exact eigenstate of 7tI+ with nonzero energy. 
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The superpotential for the BCN-type supersymmetric rational Calogero model is given 

by, 

Gbc^(A, Ai, A2) = n - ^3)' 114' 11(2^/)"'' d = XN{N - 1) + NX, + NX,, (36) 

i<j k I 

where A, Ai and A2 are arbitrary parameters. The D^r-type model is described by Ai = A2 = 
0, while Ai = 0(A2 = 0) describes C7v+i(-BAr+i)-type Hamiltonian. Any particular result for 
BC]^ type model can be obtained using this form of superpotential from the equations in 
Sec. Ill, which we do not repeat here. 

V. SUMMARY & DISCUSSIONS 

We have constructed the supersymmetric extension of the rational Calogero model with 
OSp{2\2) dynamical supersymmetry that is different from the one in Ref. Q in many 
respects. First of all, the super-Hamiltonian have different co-ordinate representations in 
these two constructions. In the new construction, the quadratic and the cubic Casimir 
operators are necessarily zero, thereby having only 'atypical' representation. Further, the 
Scasimir of the subgroup OSp(l\l) can be promoted to be the Scasimir of the full OSp{2\2). 
On the other hand, the cubic and the quadratic Casimir's are, in general, non-zero for the 
standard construction. The Scasimir of the OSp{l\l) can not be promoted to be the Scasimir 
of the full OSp{2\2) in this case. 

We have also shown that C, which is equivalent to the angular part of the super- 
Hamiltonian H in the N-dimensional hyper-spherical coordinate, can be factorized in terms 
of first order differential operators that commute with the Hamiltonian. Thus, eigen spec- 
trum of these first order operators can be used to find the eigenspectrum of C. The result is 
valid for both standard and the atypical superextension. Surprisingly, this was never realized 
before for the standard superextension. The reformulation of the problem in terms of two 
real supercharges made us to see this subtle connection. We have also shown that super- 
Calogero model, for both the standard and the atypical superextension, can be deformed 
suitably to admit A/" = supersymmetry. 
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The supercharge —\/2Q2 can be identified with a 2N dimensional Euchdean Dirac oper- 
ator which is independent of the bosonic coordinates xn+i,xn+2, ■ ■ ■ , X2n- The supercharge 
Q2 being part of the OSp{2\2) algebra, its spectrum can be readily derived algebraically. 
For the special case of rational super-Calogero model of A^r+i-type, 

Wi = gYl -^—^ z,j = l,2,...,N, (37) 

which describes a many-particle Coulomb interaction. The mathematical as well as physical 
significance of this many-particle Dirac-Coulomb operator needs to be well understood. 

The standard super-Calogero model is exactly solvable, although the 015^(212) symmetry 
alone can not determine the complete spectrum. The spectrum generating algebra is higher 
than the OSp{2\2). One would like to know at this point whether the chiral super-Calogero 
model is also exactly solvable or not? Part of the spectrum corresponding to the OSp{2\2) 
symmetry can of course be obtained analytically. However, it is desirable to study different 
aspects related to integrability and exact solvability of the chiral super-Calogero model. 
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